
Establishing a New Mechanical Nonlinear Coefficient Q from
FT-Rheology: First Investigation of Entangled Linear and Comb
Polymer Model Systems

Kyu Hyun†,‡ and Manfred Wilhelm*,‡

Max-Planck-Institute for Polymer Research, Ackermannweg 10, 55128 Mainz, Germany and Institute
for Chemical Technology and Polymer Chemistry, UniVersität Karlsruhe (TH), Engesserstrasse 18,
76128 Karlsruhe, Germany

ReceiVed July 29, 2008; ReVised Manuscript ReceiVed October 20, 2008

ABSTRACT: The nonlinear response of monodisperse linear and comb polymer melts has been investigated
under oscillatory shear with Fourier-transform rheology (FT-rheology). The relative intensity of the third harmonics
(I3/1), which quantify nonlinearity, was found to depend on the strain amplitude (γ0) at small and medium strain
amplitudes quadratically regardless of the excitation frequency, temperature, and polymer topology. From these
results, for the first time, we proposed new nonlinear coefficient Q, which is defined as Q ≡ I3/1/γ0

2, and we also
defined zero-strain nonlinearity, Q0, as a constant value at relatively small strain amplitude (limγ0f0 Q ≡ Q0;
e.g., the zero shear viscosity). In the case of the linear polymer melt, the Q value displays a constant value at
small and medium strain amplitude. At large strain amplitude, we detect that the value of Q is finally reduced
(Q(γ0) is decreasing). The investigated comb polymer shows very different behavior; the value of Q displays an
overshoot (Q(γ0) is increasing). The Q0(ω) shows time-temperature superposition (TTS) behavior that is very
similar to that of the linear viscoelastic properties. Using TTS, we create master curves of Q0(ω) over a wide
range of frequency. The Q0(ω) for linear PS displays a relaxation process of disentanglement of polymer chains
such as linear viscoelastic properties. Experimentally, we find that Q0(ω) displays very different results for
monodisperse linear and comb polymer melts. More specifically, Q0(ω) of comb polymers with entangled branches
robustly exhibits two relaxation processes that are currently related to the relaxation process of branches and the
backbone chain. In this article, for the first time, we proposed this new nonlinear coefficient Q and the zero-strain
nonlinearity Q0 from FT-rheology. This analysis is applied to the investigation of the entangled linear monodisperse
polymer and comb polymer melts. In the current stage, we assume that polymer topology has a strong influence
on these nonlinear coefficients (Q and Q0). This coefficient Q0(ω) additionally opens up the possibility for
quantitative comparisons between experiments and simulations under nonlinear oscillatory shear.

I. Introduction

Large amplitude oscillatory shear (LAOS) is a test method
for the characterization of complex fluids because independently
varying both strain amplitude (γ0) and frequency (ω) allows a
broad spectrum to be covered.1,2 Moreover, it is relatively easy
to generate LAOS flow because oscillatory shear does not
involve any sudden jump in shear rate or strain. There are several
methods for analyzing the results from the LAOS test: (1) G′
and G′′ as a function of strain amplitude,3 (2) stress shape (stress
vs time) or Lissajous pattern (stress vs strain),2,4-7 (3) Fourier
transform,8,9 and (4) generalized storage and loss modulus when
decomposing the nonlinear data.10 The investigation of G′(γ0)
and G′′ (γ0) under LAOS is the simplest method for classifying
complex fluids without obtaining raw stress data. For the LAOS
test, however, the stress output is no longer purely a single
sinusoidal, and the behavior can no longer solely be described
in terms of the storage modulus (G′) and the loss modulus (G′′ )
because of higher harmonic contributions.2 Therefore, G′ and
G′′ at large strain amplitude do not provide full information of
distorted stress data. Thus, we need to investigate the stress data
more precisely and systematically. Stress shape, FT-rheology,
and generalized storage and loss modulus methods, however,
can analyze the full information of distorted stress data at a
large strain amplitude.

The FT-rheology is the most sensitive method of those
discussed above. The FT-rheology converts the stress data of

the time domain into frequency dependent spectra. The FT-
rheology can quantify very weak signals of higher harmonics.
However, the FT-rheology method yields a rather complex
interpretation because of multiple harmonics. Among the higher
harmonics, the relative intensity of the third harmonic (I3/1 ≡
I(3ω)/I(ω), where ω is the excitation frequency) is the most
important in quantifying nonlinearity. The FT-rheology meth-
odology can be applied to various complex fluids, for example,
emulsion,11 suspension,12 dilute polymer solution, and concen-
tration polymer solution and polymer melt.13-18 For example,
the FT-rheology was used to distinguish linear from branched
polymers.13-18 Neidhöfer et al.13 reported that linear and star-
branched polystyrene (PS) solutions behaved similarly under
linear oscillatory conditions. No difference was observed under
nonlinear step-shear, but a significant difference was observed
under nonlinear oscillatory shear flow. They examined the
relative intensity of the third harmonic (I3/1) and third phase
angle (Φ3) as a function of frequency (Deborah number) at a
fixed strain amplitude for both linear and star-branched PS
solutions and concluded that the third phase angle (Φ3) is a
good indicator for detecting the branched structure. Fleury et
al.14 applied two rheological methods to assess the difference
among several linear and branched polyethylenes; one by I3/1

as a function of strain amplitude and the other by the relaxation
after strong nonlinear deformation. It was found that the FT-
rheology could be more sensitive to long chain branch (LCB).
Schlatter et al.15 studied the behavior of nine molten polyeth-
ylenes (two linear and seven densely and sparsely branched)
over a wider frequency range. They investigated the I3/1 and
the third phase angle (Φ3). It was found that FT-rheology is
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sensitive to the architecture of the polymer regarding the
molecular weight and its distribution and the number of branches
and their length. Vittorias et al.16 investigated 15 polyethylene
samples with FT-rheology to examine the relative intensity of
the third harmonic and the third phase shift. They found the
optimal experimental conditions for differentiating linear and
branched polyethylenes using FT-rheology under LAOS and
observed that the LCB polyethylenes exhibit higher nonlinearity
than do linear polyethylenes of similar molecular weight
distribution (MWD). With these efforts, FT-rheology under
LAOS is now regarded to be a very sensitive method for
detecting LCB or for distinguishing polymer topology. However,
there has been no systematic research regarding the nonlinearity
itself (especially I3/1) with well-defined entangled homopolymer
(e.g., the influence of excitation frequency, temperature, or
molecular weight and so on).

Therefore, in this study, we first present a systematic
investigation of the nonlinearity (I3/1) from FT-rheology. Second,
a new nonlinear coefficient under oscillatory shear for well-
defined polymer melts (monodisperse linear PS and comb PS
melts) shall be established. Hyun et al.17,18 focused on I3/1(γ0)
under medium amplitude oscillatory shear (MAOS: strain
amplitude γ0 e 1) rather than LAOS (strain amplitude γ0 g 1).
They reported that I3/1 is affected by the excitation frequency
and temperature, but the slope of I3/1 on the log-log plot for
linear polymer remained constant, scaled quadratically (I3/1 ∝
γ0

2) at small and medium strain amplitude, and then leveled
off regardless of the molecular weight, MWD, and excitation
frequency from experimental and simulation results. They also
reported that the slope of I3/1 for branched polymer is slightly
less than 2. In the results presented herein, it was found that
I3/1 quadratically depends on strain amplitude (γ0) for both linear
and comb polymer melts. From these results, we propose a new
nonlinear coefficient Q, which is defined as Q ≡ I3/1/γ0

2, and
we also define a zero-strain nonlinearity Q0 as a constant value
at a relatively low strain amplitude (limγ0f0 Q ≡ Q0; e.g., the
zero shear viscosity). Oscillatory shear test applies, for example,
a sinusoidal strain and analyses the resulting stress toward the
storage modulus G′ and loss modulus G′′ . The underlying
mathematics is very much like dielectric spectroscopy, where
a sinusoidal electric field is applied, and the resulting current is
quantified with respect to the dielectric storage ε′ and loss ε′′ .
Increasing the electric field leads to detectable optical nonlin-
earities as quantified via hyperpolarizabilities (e.g., �(2) or �(3)).
The hyperpolarizability is a material constant that is independent
of the electric field. Please be aware that the concept of the
mechanical Q coefficient is analogous to the nonlinear optical
coefficient �(3) (-3ω; ω, ω, ω).19 Therefore, the Q coefficient
will not vanish like the nonlinear optical coefficient does not
vanish but rather remains constant for zero strain amplitude,
respective electric field. Consequently, this coefficient reflects
the inherent and normalized nonlinear mechanical properties
of the material under investigation.

With these new nonlinear coefficients (Q and Q0), we
systematically investigate nonlinearity from the FT-rheology for
well-defined monodisperse linear PS and comb PS melts. We
compare linear viscoelastic data (G′, G′′ , tan δ) and nonlinear
viscoelastic data (Q0) as a function of frequency for linear and
comb PS. We also compare this new nonlinear coefficient Q as
a function of strain amplitude for linear PS (Q(γ0) decreasing)
with those for comb PS with entangled branches (Q(γ0)
increasing).

II. Experimental Section

a. Materials. Anionically synthesized monodisperse linear and
comb PSs were used. For the linear samples the number in the
code represents the molecular weight; for example, the molecular

weight of PS 330K is 330 kg/mol, and that of PS 100K is 100
kg/mol. Linear comb polymers consist of a linear backbone on
which linear chains (called branches) are chemically grafted. The
combs were also anionically synthesized and were previously
carefully characterized.20,21 The PS comb series C6 and C7 consist
of a linear backbone with weight-average molecular weight of the
backbone (Mb) of 275 and 860 kg/mol, respectively, and q of
∼25-30 linear branches of varying molecular weight of the arms
(Ma) from 11.7 to 47 kg/mol, that is, from unentangled to well-
entangled. For PS, a typical literature value of the entanglement
molecular weight (Me) is 17 kg/mol.22,23 The sample C622 has
unentangled branch chains, but sample C632 and C642 have
entangled branch chains. Table 1 lists the main molecular charac-
teristics of all samples used in this work.

b. Experimental Methods. Rheological measurements were
carried out on a strain-controlled rheometer (ARES, TA Instru-
ments) using a 13 mm parallel-plate fixture with a gap distance of
0.4 mm under a nitrogen environment (99.8% vol) to reduce
degradation. Frequency sweep tests (small amplitude oscillatory
shear) were carried out at different temperatures, and the master
curves were obtained using the time-temperature superposition
principle (Figure 1). The data were shifted along the frequency axis,
and the horizontal shift factors for all PS samples were fitted with
the WLF functions: log aT ) [-C1(T - Tref)]/[C2+ T - Tref] with
Tref ) 190 °C, C1 ) 5.45, and C2 ) 148.23 °C (Figure 2). Strain
sweep tests were performed at a fixed frequency and at different

Table 1. Molecular Characteristics of the Samples Used

sample

Mb

(kg/mol)
backbone

Ma

(kg/mol)
branch

q
(branches/
backbone)

Mtotal

(kg/mol)

〈τG〉w (s)
at 190

°Ca
molecular
structure

PS 76K 75.9 75.9 0.05 linear
PS 100K 100 100 0.14 linear
PS 220K 214 214 2.66 linear
PS 330K 330 330 12.44 linear
C622-PS 275 11.7 30 624 11.63 comb
C632-PS 275 25.7 25 913 28.59 comb
C642-PS 275 47 29 1630 102.06 comb
C722-PS 860 11.7 28 1190 comb
C732-PS 860 25.7 26 1530 comb
C742-PS 860 47 29 2230 comb

a The terminal relaxation time was evaluated from linear moduli data at
190 °C.

Figure 1. Linear viscoelastic data of linear PS (PS 330K and 220K)
and comb PS with equal backbone (Mb ) 275 kg/mol) and increasing
branch lengths at Tref ) 190 °C. The moduli data have been multiplied
by 10-3 (220K), 10-2 (330K), 1 (C622), 101 (C632), and 102 (C642),
respectively, for clarity of presentation. The solid lines indicate 〈τG〉w

-1.
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temperatures. For the raw data acquisition, a 16 bit ADC card
(PCMCIA-6036E; National Instruments, Austin, TX) with a
sampling rate of up to 200 kHz was used. This ADC card was
plugged into a laptop computer equipped with laboratory-written
LabView (National Instruments) software. The stress data were
obtained simultaneously using the ADC card. The stress data as a
function of time were analyzed using oversampling24 and the
Fourier transformation technique. From FT analysis, I3/1 was plotted
as a function of strain amplitude. Noise at low strain amplitude
(i.e., γ0 is below 0.3) does not deteriorate the presented data
analysis.18 At medium strain amplitude, the stress versus time curve
still looks sinusoidal to the eye. However, the peak at 3ω (ω:
imposed frequency) increases as expected as the strain amplitude
increases, even though I3/1 is small (usually <0.01). From the high
sensitivity FT-rheology method using a high-performance ADC
card,8 these small peaks can be reliably quantified (typical signal-
to-noise ratio (S/N) ≈ 10-4). At relatively large strain amplitude,
the distorted stress curve in the time domain and the peaks at higher
harmonics in the frequency domain become more obvious.18

III. Results and Discussion

a. Linear Viscoelastic Data under Small Amplitude Oscil-
latory Shear. In Figure 1, we present linear viscoelastic data
(G′, G′′ ) for linear and comb homopolymer melts of PS. Linear
monodisperse PS shows a plateau in G′ whose width grows as
the molecular weight increases. This plateau is due to the
entanglement of polymer chains. Thus, the plateau value of G′
is the entanglement plateau modulus. It can be observed that
the terminal relaxation time and viscosity increase as a result
of the increase in molecular weight (Mw) of the polymer. In the
case of comb PS, each macromolecule with specific branch
length (Ma) and backbone molecular weight (Mb) has its own
signature in the plateau and terminal regions. Thus, there are
two rubbery plateaus: one relating to the branches just before
they start relaxing and the other relating to the diluted (by
the relaxed branches) backbone. Sample C622 has unentangled
side branches (Ma ) 11.7 < Me ) 17 kg/mol, entanglement
molecular weight of PS) and exhibits a single rubbery plateau
(of the backbone) like linear monodisperse PS. As the branch
degree of polymerization increases beyond the entanglement
limit (C632 and C642), the onset of a relaxation at higher
frequencies corresponding to the branches’ disentanglements,
in addition to the low frequency terminal relaxation due to the
backbone, is observed. The sample C642 displays a power law
behavior of the moduli (i.e., G′, G′′ ∝ ωn, the exponent n is
usually in the range of 0 < n < 0.7) (Figure 1). The value of
n ) 1/2 corresponds to an effective Rouse-like terminal relaxation
of the backbone. In terminal regions, the classical behavior G′

∝ ω2 and G′′ ∝ ω is observed. Kapnistos et al.23 explained
these results by the dynamic dilution concept.25-28 As soon as
the branches have retracted, they act as effective solvents; as a
result, the backbone tube swells, thus decreasing the effective
number of entanglements. If the volume fraction of this effective
solvent is large enough, then the terminal motion may become
that of a chain with few or virtually no entanglements,
approaching the behavior of a Rouse chain. The linear vis-
coelastic terminal relaxation time 〈τG〉w () Je

0η0, steady-state
compliance Je

0 ) [G′/(G′′ )2]ωf0 and zero-shear viscosity η0 )
[G′′ /ω]ωf0),22 evaluated from the linear moduli data, are
summarized in Table 1. The terminal relaxation time of linear
PS increases with increasing molecular weight. The terminal
relaxation time corresponding to the backbone chain of comb
PS also increases as a result of the increase in the branches’
molecular weight. Because of the backbone chain, the terminal
relaxation time is retarded.

b. Nonlinearity under Medium Amplitude Oscillatory
Shear. In the framework of the concept of linear response, I3/1

is zero because there is by definition no stress distortion. In the
nonlinear regime, however, I3/1 becomes unequal to zero, and
its intensity increases as the strain amplitude increases. I3/1

displays a scaling relationship as a function of strain amplitude
at small and medium strain amplitude.17,18

log(I3/I1)) a+ b log γ0 (1)

Equation 1 predicts the scaling behavior between I3/1 and the
strain amplitude with intercept a and slope b. Hyun et al.18

reported a slope of I3/1 (b) of 2 on the basis of the simulation
with different constitutive equations (Giesekus, exponential
Phan-Thien-Tanner (E-PTT), pom-pom model). This scaling
behavior is calculated from the assumption that the sign of the
shear stress changes as the sign of shearing changes; therefore,
shear stress must be an odd function of the direction of shearing
deformations (σ[-γ(t), -γ̇(t)] )-σ[γ(t), γ̇(t)]). Thus, the stress
curve contains only odd higher harmonic contributions under
LAOS flow. (Mathematical equations are found in the litera-
ture.)2,9 The Fourier intensities of the nth harmonics grow with
an odd power of the strain amplitude (In ∝ γ0

n, n ) 1, 3, 5...) in
the small and intermediate strain amplitude range.29 In contrast,
the normal stress differences do not change sign if the shear
direction is changed. This means that the normal stress differ-
ences must be even functions of the direction of shearing
deformations (N1,2[-γ(t), -γ̇(t)] ) N1,2[γ(t), γ̇(t)], N1,2 ) first
and second normal stress differences) and that the intensities
of nth harmonics grow with an even power of the strain
amplitude (In ∝ γ0

n, n ) 2, 4, 6...) at small and intermediate
strain amplitude.29 Therefore, the intensity of the third harmonic
normalized by the first harmonic scales quadratically on the
strain amplitude (I3/1 ≡ I3/I1 ∝ γ0

3/γ0
1 ) γ0

2) under MAOS. Hyun
et al.17,18 reported the slope of I3/1 to be 2 for linear polydisperse
polypropylene (PP) and monodisperse PS regardless of the
molecular weight, MWD, and imposed excitation frequency.
Thus, there are strong indications from both simulation and
experiment that the slope of 2 for linear polymers can be general.
However, they also reported that the slope of I3/1 for branched
polymers is <2, even though the pom-pom constitutive model
predicts that the slope of I3/1 is 2 for H-shaped branched
polymer. This discussion is ongoing because of experimental
limitation. There is, in principle, the possibility that the slope
is 2 at a lower strain amplitude than the investigated range.
Because of sensitivity problems, it is very difficult to obtain an
exact nonlinearity value at small strain amplitudes (e.g., γ0 <
0.2 for polymer melts).18 Hyun et al.18 conducted experiments
with commercial branched polymer (HDPE, LDPE) but could
not find the region of the slope of exactly 2 and measured only
one frequency (1 rad/s) for the branched polymer. Here,

Figure 2. Horizontal shift factor for linear PS and comb PS (symbols).
The shift factors were fitted with the WLF function (---): log aT )
[-C1(T - Tref)]/[C2+ T - Tref] with Tref ) 190 °C, C1 ) 5.45, and C2

) 148.23 °C.
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however, we investigated I3/1 as a function of strain amplitude
with well-defined comb polymer melts as well as linear
monodisperse polymer at various frequency. We measured I3/1

as a function of strain amplitude at various excitation frequency
from 0.1 to 10 rad/s. (See Figure 3.) At lower frequencies, I3/1

has substantial noise compared with FT-rheology spectra at
higher frequencies, and thus data for low frequencies are
acquired at higher strain amplitudes. For example, at a frequency
of 0.1 or 0.2 rad/s, we measured I3/1 up to a strain amplitude of
γ0 ≈ 3. In contrast, at a frequency of 5 or 10 rad/s, we measured
I3/1 below a strain amplitude of γ0 ≈ 1. From Figure 3, it is
confirmed that the slope of I3/1 for linear monodisperse PS is 2
at various frequencies (from ω ) 0.1 to 10 rad/s), as was
demonstrated by Hyun et al.,18 and that the slope of I3/1 for
comb PS is also 2 (C622 and C642; the results of C632, C722,
C732, and C742 are not shown here, but they also show the
slope to be two), as predicted by the pom-pom model.18

c. New Nonlinear Coefficient Q and Zero-Strain Nonlin-
earity Q0. From the above results, it is deduced that the
nonlinearity quadratically depends on the strain amplitude. Thus,
we propose a new nonlinear coefficient, Q, which is defined as

Q ≡ I3/1/γ0
2 (2)

For this definition, we use the absolute strain amplitude value,
not the percent strain amplitude. This new nonlinear coefficient
(Q) from FT-rheology is defined using the relationship between
stress and deformation like other rheological properties from
the steady shear test, for example, viscosity (η ≡ σ12/γ̇, where
σ12 is shear stress and γ̇ is shear rate), first normal stress
coefficient (Ψ1 ≡ N1/γ̇2, where N1 is the first normal stress),
and second normal stress coefficient (Ψ2 ≡ N2/γ̇2, where N2 is
the second normal stress). These coefficients often approach
constant values at low shear rates; these are called the zero-

shear values, η0, Ψ1,0, and Ψ2,0.30 We also defined the nonlinear
zero-strain value, Q0, like the zero shear viscosity as a constant
value at relatively low strain amplitude

lim
γ0f0

Q ≡ Q0 (3)

Using Q0, we can quantify the inherent or intrinsic nonlin-
earity as a function of frequency without strain amplitude, as
will be later discussed in more detail. Please be aware that zero-
strain does not mean that the strain amplitude is actually zero
but that the strain amplitude approaches low strain amplitude
when the coefficient Q displays constant value. (See Appendix
A.) First, using eq 2, we calculated Q values from I3/1 and the
strain amplitude (γ0). The coefficient Q was plotted as a function
of strain amplitude (see Figure 4). From Figure 4, we observed
that the coefficient Q approaches a constant value (zero-strain
nonlinearity, Q0) at small strain amplitude. (This critical strain
amplitude is frequency dependent.) The Q value displays
scattering around a constant value (Q0). This is due to I3/1 being
very low (3 × 10-4 < I3/1 < 10-2) in the MAOS region (Figure
4). Because the Q0 is evaluated from several data points (5-10),
we are still able to obtain a very reliable Q0 value. Therefore,
it is evident that Q has a constant value (Q0) at relatively small
strain amplitude and otherwise Q is a function of strain
amplitude. In particular, we observed that Q is reduced with
increasing strain amplitude for linear PS and comb PS with
unentangled branches (C622) (Figure 4a,b,c), Q displays
overshoot for comb PS with entangled branches (C642) (Figure
4d), and Q has different Q0 values depending on the imposed
frequencies. Before investigating Q(γ0) behavior as a function
of strain amplitude under LAOS, we first investigated the effect
of excitation frequency on the nonlinearity. From this zero-strain
nonlinearity, Q0, the effect of frequency on the nonlinearity
without strain amplitude can be investigated. In the next section,

Figure 3. Nonlinearity (I3/1) as a function of strain amplitude for linear and comb PS at various frequencies; linear monodisperse (a) PS 100K at
160 °C and (b) PS 330K at 190 °C and comb-polymer (c) C622 at 200 °C and (d) C642 at 200 °C.
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the zero-strain nonlinearity, Q0, as a function of frequency for
the linear PS series and comb PS series is investigated.

1. Zero-Strain Nonlinearity, Q0. In Figure 5, the linear
viscoelastic data (G′, G′′ ) under SAOS and nonlinear viscoelastic
data (Q0) under MAOS of linear monodisperse PS series with
different Mw are plotted as a function of frequency at different
temperatures 147 (PS 76K), 160 (PS 100K), 175 (PS 220K),
and 190 °C (PS 330K). At these temperatures, each linear PS
shows crossover frequency (ωc) in the linear viscoelastic data
(G′, G′′ ). As other researchers13,18 have already pointed out,
I3/1 displays a maximum around De (≡ ω/ωc) ) 1 in case a
constant strain amplitude is applied. Thus, these temperatures
were selected for obtaining a maximum Q0. The zero-strain
nonlinearity, Q0, is obtained from the Q coefficient at various
frequencies from ω ) 0.1 to 10 rad/s. At frequencies of >10
rad/s, edge fracture or instability, even in the medium strain
amplitude region (0.2 e γ0 e 1), is a possibility. This affects
the nonlinearity, I3/1. Chen et al.31 have investigated the
waveform of PS melts at a strain amplitude γ0 ) 4 and a
frequency ω/2π ) 10 Hz and have observed a rapid decay,
followed by shape change of the stress signals. Thus, Q0 is
obtained carefully at frequencies of ω < 10 rad/s. From Figure
5a, the Q0(ω) of PS 76K displays a sharp maximum around the
terminal relaxation time (Table 1). As molecular weight (Mw)
increases, the Q0 exhibits a plateau behavior (Figure 5c,d for
PS 220K and PS 330K, respectively) like the plateau modulus
of the storage modulus. A terminal tail follows a maximum in
Q0(ω). It is evident that Q0 reflects the relaxation process of
the disentanglement of polymer chains like the linear viscoelastic
properties. However, to investigate the effect of molecular
weight on the Q0 systematically, a master curve of Q0 at the
same temperature as that of the linear viscoelastic data must be
created. We measured the Q0(ω) of PS 330K (linear PS) and
C622 (comb PS) at various temperatures (Figure 6a,c); then,

the Q0(ω) were shifted along the frequency axis (Figure 6b,d)
at a reference temperature Tref ) 190 °C. In Figure 7, the
horizontal shift factors obtained from nonlinear data (Q0) are
compared with the WLF function from linear viscoelastic data:
log aT ) [-C1(T - Tref)]/[C2+ T - Tref] with Tref ) 190 °C,
C1 ) 5.45, and C2 ) 148.23 °C. From this, it is concluded that
the time-temperature superposition (TTS) principle is also valid
for the nonlinear coefficient, Q0.32The shift factor also applies
in the case of comb PS. As previously mentioned, nonlinear
viscoelastic coefficient, Q0 has a larger scatter than the linear
viscoelastic data. Therefore, the master curves of nonli-
near viscoelastic data (Q0) are created using the shift factor
from the linear viscoelastic data. In Figure 8, the linear and
nonlinear viscoelastic master curves of linear monodisperse PS
series are plotted as a function of frequency at Tref ) 190 °C.
The terminal relaxation time for each sample with different Mw

is plotted as a vertical line in Figure 8. In Figure 8, the Q0 of
PS 76K and PS 100K show the sharp peak that appears at
frequencies very close to 1/〈τG〉w. However, for the linear PS
with the higher molecular weight (PS 220K and 330K), the Q0

exhibits a broad peak (which almost looks like a plateau). The
maximum Q0 slightly increases with increasing molecular weight
(Figure 9). The maximum Q0 is followed by the terminal tail at
frequencies less than 1/〈τG〉w. The Q0 becomes proportional to
ωn (the exponent n ≈ 2) at low frequencies, ω < ωpeak (≈
1/〈τG〉w). Pearson and Rochefort33 calculated higher-order terms
from the Doi-Edwards model. We calculated Q from these
high-order terms and obtained a quadratic scaling (Q0 ∝ ω2) at
low-frequency limit. (See Appendix B.) From experimental
results, it is difficult to investigate the quadratic scaling (Q0 ∝
ω2). There are two problems in obtaining the coefficient Q0 for
the low frequency limits: one is the extremely low torque value
and the other is the low nonlinearity (Q0 < 10-3). The terminal
zone characterized by these ω dependencies shifts to the lower

Figure 4. Q coefficient as a function of strain amplitude evaluated from the nonlinearity (I3/1) data (a) PS 100K at 160 °C, (b) PS 330K at 190 °C,
(c) C622 at 200 °C, and (d) C642 at 200 °C.
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frequencies with increasing Mw. From these results, it is evident
that the zero-strain nonlinearity Q0(ω) reflects the relaxation
process of the polymer chain motion including terminal behavior
and the plateau value via physical entanglements. From this, it
is inferred that Q0(ω) can also reflect the relaxation process of

polymers with different topologies and, conversely, polymer
topology should additionally affect the nonlinear coefficient
Q0(ω).

This statement should motivate our investigation of linear
and comb polymers. Therefore, we investigated well-defined

Figure 5. Linear viscoelastic data (G′, G′′ ) under small amplitude oscillatory shear (SAOS) and nonlinear viscoelastic data (zero-strain nonlinearity,
Q0) under medium amplitude oscillatory shear (MAOS) as a function of frequency for linear PS (a) PS 76K at 147 °C, (b) PS 100K at 160 °C, (c)
PS 220K at 175 °C, and (d) PS 330K at 190 °C. The dashed-dotted lines indicate 〈τG〉w

-1.

Figure 6. Q0(ω) at different temperature. (a) Q0 for PS 330K at 190, 220, 230, and 240 °C, (b) Q0 for C622 at 170, 180, 190, and 200 °C, and the
master curve of Q0 at Tref ) 190 °C (c) PS 330K and (d) C622.
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comb PS topologies. The linear (G′, G′′ , tan δ) and nonlinear
(Q0) viscoelastic data of comb PS series are plotted in Figure
10 (Figure 10a,b for C622 and C642, respectively). At lower
frequencies, both C622 and C642 show terminal behavior like
monodisperse linear PS (Q0 ∝ ω2). For the sample C622 with
an unentangled side branch chain (Ma ) 11.7 < Me ) 17 kg/
mol), Q0(ω) shows only one maximum like linear PS. The
unentangled side branch chain does not significantly decrease
the relaxation process of the backbone chain. In contrast, the
Q0 of the C642 with entangled branch chain (Ma ) 47 > Me )
17 kg/mol) displays two relaxation processes: one corresponding

to the branches’ disentanglements and the other due to the
backbone chain. Between the two distinct relaxation processes,
the Q0(ω) decreases and displays a local minimum of Q0. This
frequency region corresponds to the linear viscoelastic data
where a power law behavior of the moduli (i.e., G′, G′′ ∝ ωn,
exponent n ≈ 1/2 (an effective Rouse-like terminal relaxation
of the backbone)) and the low-frequency plateau (tan δ) (Figure
10b) exist.23 The behavior in the region between the two vertical
dashed lines in Figure 10b can be explained by the dynamic
dilution concept, as previously explained. As soon as the
branches have fully relaxed by retraction, they act as effective
solvents; as a result, the backbone tube swells, thus decreasing
the effective number of its entanglements. If the volume fraction
of this effective solvent is large enough, then the terminal motion
may become that of a chain with few or virtually no entangle-
ments, which approaches the behavior of a Rouse chain.23 Thus
in the zero-strain nonlinearity, Q0, being very sensitive to the
entanglements of polymers, displays a detectable local minimum
within this frequency region. For C642, we observed a second
terminal tail (Q0 ∝ ω2) corresponding to the relaxation process
of the branches’ disentanglement at frequencies higher than ωmin

(the frequency of minimum Q0). This means that Q0(ω) can
reflect the relaxation process of polymer chains, as was already
detected for linear PS. In particular, the comb PS with entangled
linear branches, Q0(ω) displays two peaks: one at higher
frequencies corresponding to the branches’ disentanglements and
the other at lower frequencies due to the backbone. This
separation of Q0(ω) is very well explained by the hierarchical
relaxation process of branched polymer.25 In Figure 11, the
linear (G′, G′′ , tan δ) and nonlinear (Q0) viscoelastic data of
the comb-PS series with different degree of branches (C622,
C632, and C642) are plotted at Tref ) 190 °C. As the molecular
weight of the side arms (Ma) increases, the terminal tail of the
backbone shifts to lower frequencies. As the branch chain length
increases, the terminal relaxation time of the backbone is
retarded. This behavior differs with that exhibited by linear PS,
where the maximum of Q0(ω) slightly increases with increasing
molecular weight (Figure 9). The maximum of Q0(ω) corre-
sponds to the relaxation of the backbone chain (Q0,b). The
maximum value decreases as the total molecular weight or
branch molecular weight increases. This can be explained by
the dynamic tube dilution concept. As the backbone volume
fraction (φb) in the entire comb molecule decreases, the dilution
process by branch chains becomes stronger, and thus the
maximum Q0 also decreases. In Table 2, the maximum Q0(ω)
values corresponding to the relaxation of the backbone (Q0,b)
of comb PS of different branch chain length are evaluated. To

Figure 7. Comparison of the shift factor from nonlinear viscoelastic
data (symbols) with the WLF fitting function (---) from linear
viscoelastic data.

Figure 8. Master curve of linear viscoelastic and nonlinear viscoelastic
data for monodisperse linear PS (76K, 100K, 220K, and 330K) at Tref

) 190 °C. (a) Storage modulus (G′), (b) loss modulus (G′′ ), (c) tan δ
under SAOS, and (d) zero-strain nonlinearity Q0 under MAOS.

Figure 9. Maximum Q0(ω) of each linear PS with different molecular
weight from Figure 8. The solid line indicates the relationship between
maximum Q0 and molecular weight. From this equation, the maximum
Q0 of PS 275K corresponding to the molecular weight of the C6 comb-
PS series’ backbone chain is evaluated.
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compare linear and comb PS, the Q0(ω) of linear and comb PS
are plotted at Tref ) 190 °C in Figure 12a. The Q0(ω) is shifted
using relaxation times for each sample in Figure 12b. As a result,
the terminal tails of all samples (linear and comb polymer)
almost overlap. In Figure 12a,b, it is confirmed that the
maximum Q0 corresponding to the relaxation process of the
backbone chain (Q0,b) decreases as the backbone chain’s volume
fraction decreases for the samples investigated here. The comb

PS with unentangled branch chains (C622) shows a relaxation
shape similar to that of linear PS; however, the Q0,b is lower
than that for other linear PS. This means that the nonlinearity
Q0(ω) is highly related to the effective entanglements and
corresponding volume fraction. In Figure 12b, the slope of Q0(ω)
after the first terminal tail corresponding to the backbone chain
increases as the branch length increases (Q0 ∝ ω-0.22 for C622;
ω-0.4 for C632; and ω-0.5 for C642 in Figure 12b). This
tendency toward broader peaks is in accord with the results of
dielectric behavior, which reflects the global polymer chain
motion, of polyisoprene (PI) in an oligo(butadiene).34 In the
dilute regime (nonentangled PI), the dielectric mode distribution
is narrow and insensitive to the concentration of linear PI (cPI)
and then broadens with increasing cPI and again becomes
insensitive to cPI above the overlapping concentration (entangled
PI).34 In the case of our comb PS series (C622, C632, and C642),
the volume fraction of the backbone chain decreases as the
branch chain length increases (Table 2). As far as the dynamic
tube dilution concept is concerned, the already fully relaxed
branched polymer chain acts as an effective solvent for the
unrelaxed backbone chain. The increasing branch chain length
has a similar effect of decreasing the concentration of the
backbone chain in solvent. Therefore, the Q0 frequency distribu-
tion after the first terminal tail becomes narrower (Q0 ∝ ω-0.22

for C622; ω-0.4 for C632; and ω-0.5 for C642) as the branch
chain length increases. From these observations, the decreasing
of maximum Q0 and the narrowing of Q0 correspond to the
backbone chain relaxation with increasing branch chain length
and the two relaxation processes for the comb polymer with
entangled side chains. Therefore, we conclude that it is evident
that the Q0(ω) reflects the relaxation process of disentanglement

Figure 10. Master curve of linear viscoelastic and nonlinear viscoelastic data for comb PS (a) C622 and (b) C642 at Tref ) 190 °C.

Figure 11. Master curve of the linear viscoelastic and nonlinear
viscoelastic data for comb PS (C622, C632, and C642) at Tref ) 190
°C. (a) Storage modulus (G′), (b) loss modulus (G′′ ), (c) tan δ under
SAOS, and (d) zero-strain nonlinearity Q0 under MAOS.

Table 2. Maximum Q0 Values Corresponding to Backbone Chain
Relaxation

sample
Q0,b

(×102)

φb

(Mb/Mtotal)
volume fraction

of backbone
Q0,b/

Q0,b,275K

molecular
structure

PS 275Ka 1.292 1 linear
C622-PS 0.924 0.44 0.715 comb
C632-PS 0.551 0.30 0.427 comb
C642-PS 0.344 0.17 0.266 comb
a PS 275K is calculated from Figure 9 using a relation between Q0 and

molecular weight.
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of polymer chain including reptation, contour length fluctuation,
and constraint release.

Kapnistos et al.23 reported that among linear viscoelastic data
(G′, G′′ , tan δ), the phase angle (tan δ) is a sensitive indicator
of the appearance of the two relaxation processes. However,
by a comparison of the frequency dependence of the linear
viscoelastic data (tan δ) and the zero-strain nonlinearity Q0, it
is conclusive that the Q0(ω) is a more sensitive indicator of the
appearance of the two relaxation processes than are the linear
viscoelastic data.

2. Q(γ0) under Large Amplitude Oscillatory Shear. In this
section, the behavior of the Q(γ0) coefficient with increasing
strain amplitude is investigated at a fixed frequency. For
monodisperse linear PS, a decrease in Q as strain amplitude
increases (Q(γ0) decreasing) is observed (Figure 4a,b) at various
frequencies like shear thinning from shear rate experiments. At
higher frequencies, the decrease in Q(γ0) starts at lower strain
amplitude compared with the decrease at lower frequencies. In
Figure 13, the Q values of PS 100K and PS 330K at frequency
ω ) 10 rad/s decrease below strain amplitude γ0 ) 1 in contrast
with those at frequency ω ) 0.2 rad/s, which still show a
constant value at γ0 ) 1. Usually, the degree of deformation
under oscillatory shear is determined by the frequency (ω) and
strain amplitude (γ0). Thus, at higher frequency, the decrease
in Q(γ0) starts at a lower strain amplitude than that at lower
frequency. To investigate the decrease in Q(γ0) in more detail,
Q from low strain amplitude (γ0 ≈ 0.3) to large strain amplitude
(γ0 ≈ 7) was measured for PS 100K at ω ) 4.25 rad/s, 160 °C.
The normalized nonlinearity Q/Q0 as a function of strain
amplitude is compared with the normalized complex modulus
|G*|/|G*0|. (|G*0| is a linear complex modulus under SAOS at a
fixed frequency; see Figure 14a.) In Figure 14a, both |G*|/|G*0|
and Q/Q0 decrease as a function of strain amplitude, and the
degree of decreasing is similar. For a comb PS with unentangled
branches (C622), a decrease of Q(γ0) like that in a linear
monodisperse PS is observed at various frequency. This can be
seen in Figure 4c. In Figure 14b, both |G*|/|G*0| and Q/Q0 of

C622 are plotted from low strain amplitude (γ0 ≈ 0.3) to large
strain amplitude (γ0 ≈ 8) at ω ) 1 rad/s and T ) 200 °C. It is
evident that the Q coefficient is reduced with increasing strain
amplitude (Q(γ0) is decreasing) for C622. As previously
mentioned, because C622 has unentangled side branch chains,
the general nonlinear behavior (Q(γ0) is decreasing and the
relaxation process from Q0(ω)) of comb PS C622 is similar to
that of linear PS. On the contrary, the Q of comb PS with
entangled side branches (C642) increases as the strain amplitude
increase (Q(γ0) is increasing) at ω ) 5 rad/s in Figure 4d. A
more detailed analysis of Q(γ0) of C642 under LAOS at various
frequency was performed. The Q of C642 is plotted as a function
of strain amplitude at T ) 190 °C in Figure 15. At ω ) 1 rad/s,
a strong overshoot of Q (Q(γ0) is increasing) is observed. As
the frequency increases, this overshoot becomes weaker until
it finally disappears at ω ) 5 rad/s. The nonlinearity Q0(ω) has
a local minimum around 1 rad/s. (See Figure 12.) Even though
the nonlinearity, Q, at a frequency of 1 rad/s is very small (the
local minimum point), the normalized nonlinearity (Q/Q0) shows
a stronger overshoot than at all other frequencies (Figure 15b).
At ω ) 5 rad/s, the normalized nonlinearity (Q/Q0) shows a
decrease in Q(γ0) instead of an increase in Q(γ0) (not shown
here; at ω ) 0.1 rad/s, the Q/Q0 decrease as a function of the
strain amplitude). From the above results, C622 with unen-
tangled branches shows only a decrease in Q(γ0) at various
frequencies; on the contrary, C642 with entangled branches
shows Q(γ0) increasing behavior at specific frequency regions.
It is well known that the strain hardening behavior in elonga-
tional flow is highly related to the branched polymer chain. The
increase in Q reflects the effect of the branched polymer chain.
Thus, the Q(γ0) coefficient is affected by the polymer topology.
However, we still do not fully understand the underlying
nonlinear physics that predicts the Q(γ0) behavior. Therefore,
further theoretical and experimental studies are needed to
understand the Q behavior as a function of the strain amplitude
of entangled polymer with different topology.

For the comb PS with entangled branch chains, the increase
in Q(γ0) occurs at specific frequencies. This means that
frequency is also very important for investigating MAOS and
LAOS flow, and the Q coefficient has a different value as
frequency changes. The increase in Q as a function of strain
amplitude seems to be promising parameter for detecting long
chain branching in commercial branched polymers, for example,
LCB-PE.

IV. Conclusions

The nonlinear behavior of monodisperse linear and comb PS
melts under oscillatory shear (MAOS and LAOS) were studied

Figure 12. (a) Q0 of linear PS (76K, 100K, 220K, and 330K) and comb
PS (C622, C632, and C642) at Tref ) 190 °C. (b) For a clear comparison,
Q0 is plotted against the De number () aTω<τ>) of linear PS 330K
and comb PS (C622, C632, and C642) at Tref ) 190 °C.

Figure 13. Q/Q0 of linear PS (100K and 330K) as a function of strain
amplitude at two frequencies (10 and 0.2 rad/s). At a relatively high
frequency of 10 rad/s, the strain softening in Q/Q0 starts at a lower
strain amplitude (γ0 < 1). However, at a low frequency 0.2 rad/s, the
Q/Q0 still displays a constant value above γ0 ≈ 1.
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with FT-rheology. The relative intensity (I3/1) of the third
harmonics for both linear and comb PS were found to depend
on the strain amplitude at low and medium strain amplitudes
quadratically. From these results, we proposed a new nonlinear
coefficient, Q, which is defined as Q ) I3/1/γ0

2, and we also
defined zero-strain nonlinearity, Q0, as a constant value at
relatively low strain amplitude (limγ0f0 Q ≡ Q0). The Q0 under

MAOS of monodisperse linear PS as a function of frequency
displays a relaxation process with one peak value and a terminal
behavior (Q0 ∝ ω2) at low frequencies. As the molecular weight
increases, the terminal behavior shifts to lower frequencies like
the linear viscoelastic properties, and the peak becomes broader
to the point of almost being a plateau. In the case of comb PS
with unentangled branch chains (C622), the Q0(ω) displays a
similar shape as a function of frequency (one maximum value
and terminal tail (Q0 ∝ ω2)). In contrast with linear PS, however,
the maximum Q0 is lower than that for other linear monodisperse
PS. This could be due to the dynamic tube dilution induced by
the branch chains. In particular, for the comb PS with entangled
branch chains (C632 and C642), Q0(ω) has two peak values:
one corresponds to the branches’ disentanglement at higher
frequencies and the other is due to backbone relaxation at lower
frequencies. As a consequence of having entangled branches,
the maximum value of Q0 corresponds to the backbone
relaxation (Q0,b). It is much lower than that of comb PS with
unentangled branches (C622). When two comb PSs with
entangled branches (C632 and C642) are compared, as the
entangled branch chain length becomes longer, the Q0,b becomes
lower and the Q0(ω) becomes narrower. The Q0 coefficient
reflects the relaxation process of disentanglement of polymer
chain, including reptation, contour fluctuation, and constraint
release, very well for the monodisperse linear PS and comb
PS.

For the monodisperse linear PS, the Q shows a reduction as
the strain amplitude increases at various fixed frequency (Q(γ0)
decreasing). Conversely, for the comb PS with entangled
branches, the Q increases as the strain amplitude increases at
specific frequencies (Q(γ0) increasing). This nonlinear coef-
ficient Q behavior is related to the polymer topology; therefore,
Q as a function of strain amplitude will be investigated toward
long chain branching of commercial branched polymers.
However, we still do not fully understand the underlying physics
of Q(γ0) behavior such as the increase in Q(γ0) as a function
of the strain amplitude. Therefore, further theoretical and
experimental studies are needed to understand the Q behavior
as a function of the strain amplitude of entangled polymer with
different topology. From these results, it is evident that the

Figure 14. |G*| and Q as a function of strain amplitude from medium strain amplitude (γ0 ≈ 0.25) to large strain amplitude (γ0 ≈ 7) and the
comparison of normalized |G*|/|G*0| with normalized Q/Q0. (a) Monodisperse linear PS (100K) at ω ) 4.25 rad/s and T ) 160 °C and (b) comb
PS with unentangled branch (C622) at ω ) 1 rad/s and T ) 200 °C. Both linear PS and comb PS with unentangled branch exhibit strain softening
as strain amplitude increase.

Figure 15. (a) Q and (b) normalized Q/Q0 as a function of strain
amplitude at various frequencies (1, 2, 3, 4, and 5 rad/s) for comb PS
with entangled branch chains (C642).
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nonlinear coefficient (Q) from FT-rheology under oscillatory
shear is a new and very promising coefficient for quantifying
the inherent mechanical nonlinearity, for example, between
linear polymer and polymer with different topology, especially
branched chains. From this first systematic investigation, we
determine a relationship between the relaxation process of
polymer chains and the nonlinearity from FT-rheology.

Furthermore, it is very important that within the concept of
the Q coefficient and the high sensitivity of FT-rheology a linear
regime is only the asymptotic approximation for vanishing
nonlinearities. This can lead to the argument that linear response
is achieved for only vanishing deformations and thus never for
any real experiment. Nevertheless, it is commonly accepted that
the linear response can very accurately describe the mechanical
response. To overcome this conceptional problem, we might
define the linear regime in oscillatory shear test (SAOS) as the
regime in which the experimental response can be approximated
by, for example, 99.5% of linear rheological properties (G′ or
G′′ ), or alternatively, nonlinearity I3/1 < 0.5% (∼5 × 10-3) from
FT-rheology.

Despite this study being focused on determining the Q
coefficient for polymer melts, the concept of the Q coefficient
can be widely applied for any other complex fluid systems.
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Appendix A

The shear stress under nonlinear oscillatory shear from FT-
rheology9 is described as follows

σ(t)) σ1 sin(ωt+ δ1)+ σ3 sin(3ωt+ δ3)+ · · ·
) σ1 cos δ1 sin ωt+ σ1 sin δ1 cos ωt+ σ3 cos δ3 sin 3ωt+

σ3 sin δ3 cos 3ωt+ · · · (A1)

From the above equation, we can calculate the relative third intensity
from FT-rheology as follows

I3

I1
)

σ3

σ1
)

√(σ3 cos δ3)2 + (σ3 sin δ3)2

√(σ1 cos δ1)2 + (σ1 sin δ1)2
(A2)

The shear stress under nonlinear oscillatory shear from Pearson
and Rochefort33 is described as follows

1st nonlinear term) [G11
′ γ0 +G31

′ γ0
3 +O(γ0

5)+ · · ·] sin ωt+

[G11
′′ γ0 +G31

′′ γ0
3 +O(γ0

5)+ · · ·] cos ωt (A3)

3rd nonlinear term) [G33
′ γ0

3 +G53
′ γ0

5 +O(γ0
7)+ · · ·] sin 3ωt+

[G33
′′ γ0

3 +G53
′′ γ0

5 +O(γ0
7)+ · · ·] cos 3ωt (A4)

These two definitions describethe same nonlinear phenomena;
therefore, we can calculate the Q coefficient by inserting eqs A3
and A4 into A2

Q)
I3

I1

1

γ0
2

)
√(G33

′ γ0
3 +G53

′ γ0
5 + · · · )2 + (G33

′′ γ0
3 +G53

′′ γ0
5 + · · · )2

√(G11
′ γ0 +G31

′ γ0
3 + · · · )2 + (G11

′′ γ0 +G31
′′ γ0

3 + · · · )2

1

γ0
2

)
√G33

′ 2γ0
6 +G33

′′ 2γ0
6 +O(γ0

8) · · ·

√G11
′ 2γ0

2 +G11
′′ 2γ0

2 +O(γ0
4) · · ·

1

γ0
2

)
√G33

′ 2 +G33
′′ 2 +O(γ0

2) · · ·

√G11
′ 2 +G11

′′ 2 +O(γ0
2) · · ·

(A5)

At low-strain amplitude limits of Q coefficient, we can calculate
the zero-strain nonlinearity, Q0(ω)

Q0(ω)) lim
γ0f0

I3

I1

1

γ0
2
) lim

γ0f0

√G33
′ 2γ0

6 +G33
′′ 2γ0

6 +O(γ0
8)+ · · ·

√G11
′ 2γ0

2 +G11
′′ 2γ0

2 +O(γ0
4)+ · · ·

1

γ0
2

) lim
γ0f0

√G33
′ 2 +G33

′′ 2 + · · ·

√G11
′ 2 +G11

′′ 2 + · · ·

γ0
3

γ0

1

γ0
2

)
√G33

′ (ω)2 +G33
′′ (ω)2

√G11
′ (ω)2 +G11

′′ (ω)2
)

|G33
* (ω)|

|G11
* (ω)|

(A6)

From eq A6, Q0(ω) can directly connect with the definition of
Pearson and Rochefort and the Q0(ω) mean normalized third
nonlinear complex modulus (3rd nonlinear term) divided by the
linear complex modulus (1st nonlinear term). These definitions can
generally be used for any complex fluid.

Appendix B

Pearson and Rochefort calculated the nonlinear coefficients using
the Doi-Edwards model33 for entangled polymer

G11
′ (ω)) 3

5
FkT
Ne

∑
p,odd

∞
8

π2p2

ω2τd
2

p4 +ω2τd
2

(B1)

G11
′′ (ω)) 3

5
FkT
Ne

∑
p,odd

∞
8

π2

ωτd

p4 +ω2τd
2

(B2)

G33
′ (ω)) 3

28
FkT
Ne

∑
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∞
8

π2p2( ω2τd
2

p4 +ω2τd
2
-

4ω2τd
2

p4 + 4ω2τd
2
+

3ω2τd
2

p4 + 9ω2τd
2) (B3)

G33
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28
FkT
Ne

∑
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∞
8

π2( ωτd

p4 +ω2τd
2
-

2ωτd

p4 + 4ω2τd
2
+

ωτd

p4 + 9ω2τd
2) (B4)

The low-frequency limits of the dynamic moduli are

G11
′ (ω)= 3

5
FkT
Ne

∑
p,odd

∞
8

π2

ω2τd
2

p6
(B5)

G11
′′ (ω)= 3

5
FkT
Ne

∑
p,odd

∞
8

π2

ωτd

p4
(B6)
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G33
′ (ω)= 3
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Ne

∑
p,odd

∞
8

π2

-12ω4τd
4

p10
(B7)

G33
′′ (ω)= 3
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FkT
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∑
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∞
8

π2

-2ω3τd
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lim
ωf0

Q0(ω)) lim
ωf0

√G33
′ 2 +G33

′′ 2

√G11
′ 2 +G11

′′ 2
∝ lim

ωf0

√ω6 +ω8

√ω4 +ω2
∝ lim

ωf0

ω3

ω
∝ ω2

(B9)

Therefore, a quadratic scaling (Q0 ∝ ω2) at the low-frequency limit
using the Doi-Edwards model from Pearson and Rochefort can
be assumed for Q0(ω).
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